We study invariants of the anisotropic elasticity tensor. The invariants are obtained by defining certain tensors of order two associated with the elasticity tensor. We find four second-order invariants with respect to arbitrary orthogonal transformations. This increases by two the number of already known such invariants. When the transformation is confined to rotations about the x 3 -axis, the number of second-order invariants becomes seventeen, again an increase by two in the already known number. We describe a method for ascertaining linear independence of these invariants. We also recover structural invariants of Ting and find a few new structural invariants.
Introduction
It is well known that, under arbitrary orthogonal rotations of the coordinate axes, the stiffness tensor c i jkl possesses only two linear invariants, namely (1, p. 400; 2, p. 31). In the above equations we have used the familiar two-index notation. When the transformation is limited to a rotation about the x 3 -axis, the number of linear invariants increases to five: (3, pp. 39-49; 4, p. 13; 5, pp. 66-149). The above invariants are usually found by writing the transformed tensor explicitly and by combining components in a suitable manner. This approach is unlikely to produce invariants of orders higher than the first and it is probably due to this reason that very few invariants of second or higher orders were to be found in the literature before Ting (6) where q is a 6 × 1 eigenvector of the transformation matrix Q, with eigenvalue unity. Of the eleven invariants given by (1.2) and (1.3), the linear invariants I 1 and J 1 are identical to A 1 and A 2 , respectively, I 2 and J 2 are of order 2 and the other seven invariants are of order 3 and above. When the transformation is confined to a rotation about the x 3 -axis, Ting (6) found 15 secondorder invariants, in addition to the five linear invariants given by (1.1). However, he was unable to establish the independence of these invariants and it remains an open problem.
In this paper we re-examine the invariants of the anisotropic elasticity tensor. With respect to an arbitrary orthogonal transformation we find four invariants of second order, which include the two found by Ting (6) . With respect to the rotations about the x 3 -axis, we observe that certain combinations of the components of the tensor c i jkl may be considered tensors in two dimensions. This fact simplifies the calculations considerably and we recover all invariants of Ting (6) and find two new invariants. We also show that the set S of all second-order invariants with respect to rotations about the x 3 -axis can be split into seven disjoint subsets according to the occurrence of the subscript 3. This fact is helpful in establishing the linear independence of the set S. Again any invariant with respect to arbitrary orthogonal transformations can be expressed as a linear combination of members of S and the linear independence of S can be employed to establish linear independence, or otherwise, of the general invariants. This provides a general framework to check the independence of any set of invariants.
In a recent paper Ting (7) has discussed structural invariants of the anisotropic elasticity tensor. We shall show that his results can also be obtained by our simpler approach. Also we obtain a few new structural invariants and indicate a method for finding more nonlinear ones.
Invariants under arbitrary orthogonal transformations
It is clear that Of the above invariants, B 1 and B 2 are the same as reported by Ting (6) , the others are new. Now define a tensor
The matrix form of the above tensor is and tr(T 2 ) gives a second-order invariant:
Because of its symmetries c i jkl = c jikl = c i jlk = c kli j , the elasticity tensor possesses 21 independent components. Among the above five second-order invariants, B 1 and B 3 depend on all 21 components, while B 2 and B 4 both depend on 15 components. In this respect the invariant B 5 may be regarded as superior to the rest since it depends on only twelve components of the tensor. However B 5 is not an independent invariant since the following relation can easily be verified:
We establish independence of the set {B 1 , B 2 , B 3 , B 4 } in section 4.
Rotations about the x 3 -axis
Let ϑ be the angle of rotation about the x 3 -axis. The matrix (a i j ) associated with this transformation is
Out of the 81 (= 3 4 ) components of the tensor c i jkl consider the subset of 16 (= 2 4 ) elements Since a 13 = a 23 = 0, the above equation reduces to
It is obvious that any component of C (2) transforms according to the following rule: 
We have recovered all of the five linear invariants found in the literature (3 to 6). Denoting the invariants of second order by E i , we have ). DEFINITION. We shall call an entity U i , i = 1, 2, a quasivector if a rotation of the coordinate axes through an angle ϑ transforms it as follows:
Thus the transformation matrix for a quasivector is the square of the matrix for an ordinary vector. Since this transformation is orthogonal, U i U i , U i V i and U 1 V 2 − U 2 V 1 are invariant, where U i and V i are any quasivectors. The following lemma shows that a quasivector can be associated with any symmetric tensor in two dimensions.
LEMMA. Let T i j be a symmetric tensor in two dimensions, then (2T
Proof.
It is easy to show, with the help of the above equations, that
which proves the lemma.
Referring to the tensors C 1 , C 2 and C 3 we find that are quasivectors. This gives us three additional invariants:
This completes the list of 17 invariants of second order with respect to rotations about the x 3 -axis.
Comparison with Ting's results
Ting (6) denoted his invariants by ψ i . It is easy to make the following identifications:
Fourteen of Ting's invariants, ψ 1 , . . . , ψ 14 , have a one-to-one correspondence with an equal number of Es. However ψ 15 splits into a linear combination of E 2 , E 3 , E 6 and E 14 . Thus his 15 invariants break up into 16 of ours. The invariant E 5 is not coupled with any ψ.
Independence of the invariants
If we count the number of 3s in the subscript of each term, and group the invariants accordingly, we obtain seven subsets of S:
In the set S 4c there are terms of the type c 13 c 55 = c 1133 c 1313 in which the subscript 3 occurs explicitly whereas the set S 4 does not have any terms of this type. On the other hand, it contains terms of the type c 2 44 and c 2 55 etc. which have 3 implicitly in the subscript (that is, c 44 = c 2323 ). Now any member of a subset, for example, S 4c , cannot be a linear combination of members of other subsets, therefore any set of linearly dependent E i will involve only members of the same subset of S. Hence linear independence of each subset will imply linear independence of the whole of S, that is, none of the Es can be expressed in terms of the linear invariants and any number of other Es. We only give a proof of the independence of the subset S 2 . The same method can be used to demonstrate independence of other subsets. Hence the whole set S is linearly independent. 2 We must show that the relation a 2 E 2 + a 3 E 3 + a 6 In this identity the product c 55 c 11 appears only in E 12 , hence a 12 = 0. Also since c 2 46 appears in E 3 and E 14 , we must have
Independence of the subset S
Occurrence of c 2 25 only in E 2 and E 14 implies that
Since c 2 24 appears in E 2 , E 3 , E 6 and E 14 , we get a 2 + a 3 + a 6 + a 14 = 0, which, in view of (4.3), reduces to
Finally, if we let c 14 = c 56 = 1, and let all other components vanish, we get
Now (4.2) to (4.5) together imply that a 2 = a 3 = a 6 = a 14 = 0. This establishes the independence of the subset S 2 .
Independence of the Bs
Since an invariant with respect to an arbitrary orthogonal transformation must also be an invariant with respect to a rotation about the x 3 -axis, it follows that the invariants B 1 , . . . , B 4 , must break up into linear combinations of members of S. These expressions can be found in a straightforward but somewhat tedious manner. The task is simplified if we group terms according to the frequency of appearance of the index 3 in the subscript. We find
It is easily proved that the independence of the set S implies the independence of the set
To this purpose assume that
We must show that each coefficient in (4.6) must vanish. Now E 13 appears only in B 1 , hence the coefficient of this term, that is, b 1 , must vanish, otherwise E 13 would be a linear combination of other E i and D j D k which is false because the set S is independent. In the remaining part of (4.6), E 7 appears only in B 2 , hence its coefficient must also vanish. Further E 10 appears only in B 3 and E 3 appears only in B 4 , hence b 3 = b 4 = 0. Coefficients of the rest of the terms must now vanish because of their linear independence.
Eigenvalues of c i jkl
Mehrabadi and Cowin (8) and Sadegh and Cowin (9) have developed a spectral representation of the elasticity tensor, which has recently been used by Zuo and Schreyer (10) to find the directions in which a purely longitudinal or a shear wave can propagate in a cubic crystal. The eigenvalue problem for c i jkl is
where λ is a scalar and S i j is a tensor of rank 2.
One may expect to find new invariants of c i jkl by studying the eigenvalues λ. However, we find that the six non-zero eigenvalues for the above problem are identical to the eigenvalues of the matrix C * of Ting (6) . Hence this approach merely reproduces Ting's invariants I 1 , I 2 , . . . , I 6 .
Structural invariants
A set of components of c i jkl is said to be structurally invariant if a relation or a number of relations satisfied by them remains unchanged by an orthogonal coordinate transformation. For example, Ting (7) has shown that, if c 16 + c 26 = 0 and c 11 − c 22 = 0, then the same pair of relations will be satisfied by these components after a rotation about the x 3 -axis. He obtained the above and other structural invariants by finding expressions for the transformed components and combining them suitably. However, we can recover most of his results by observing that if a tensor equation holds in one coordinate system, then it also holds in every coordinate system related to the first by an orthogonal transformation. Since V 1 , V 2 , V 3 are vectors and U, V and W are quasivectors, we find a number of structural invariants with respect to rotations about x 3 -axis by assuming that each of the above vectors and quasivectors vanishes. We get the following sets of structural invariants: A set of trios can be obtained by making the tensors C 1 , . . . , C 4 vanish. Also nonlinear structural invariants can be found by setting each of the products C 1 C 2 , C 2 C 3 , etc. equal to λI 2 , where λ is a scalar and I 2 is the unit tensor of rank 2. For example C 1 C 2 = λI 2 gives the following set of structural invariants: With respect to arbitrary orthogonal transformations (that is, not confined to rotations about x 3 -axis) we can find a set of six structural invariants by equating the tensor T kn defined in (2.1) to λI 3 . We find that is a set of six structural invariants. More nonlinear structural invariants can be found when the following tensors are assumed to be proportional to the unit tensor: The results in (6.1) are the same as in (7) but (6.2) to (6.4) are useful additions to Ting's work. Their importance lies in the fact that they provide a systematic method for finding new structural invariants.
Conclusions
Ting (6) reported two invariants of second order with respect to an arbitrary orthogonal transformation and 15 invariants with respect to a rotation about a fixed axis. Our analysis has increased these numbers to four and 17, respectively. Our approach is simpler as compared with earlier treatments (3 to 6), but notwithstanding its simplicity, it is capable of producing new invariants. It is an open question whether the list of invariants is complete. In the case of B 1 , . . . , B 4 , it does not appears to be so, since some of the Es are absent in the expansion of Bs in terms of the Es. We saw in section 2 that B 5 is the simplest invariant in the sense that it is a function of only 12 components of c i jkl . The question whether 12 is the smallest such number is open.
